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ABSTRACT
In this paper, we study in detail the role of general relativity on the global dynam-
ics of giant pulsar glitches as exemplified by Vela. For this purpose, we carry out
numerical simulations of the spin up triggered by the sudden unpinning of super-
fluid vortices. In particular, we compute the exchange of angular momentum between
the core neutron superfluid and the rest of the star within a two-fluid model includ-
ing both (non-dissipative) entrainment effects and (dissipative) mutual friction forces.
Our simulations are based on a quasi-stationary approach using realistic equations of
state (EoSs) following Sourie et al. (2016). We show that the evolution of the angu-
lar velocities of both fluids can be accurately described by an exponential law. The
associated characteristic rise time τr, which can be precisely computed from station-
ary configurations only, has a form similar to that obtained in the Newtonian limit.
However, general relativity changes the structure of the star and leads to additional
couplings between the fluids due to frame-dragging effects. As a consequence, general
relativity can have a large impact on the actual value of τr: the errors incurred by using
Newtonian gravity are thus found to be as large as ∼ 40% for the models considered.
Values of the rise time are calculated for Vela and compared with current observational
limits. Finally, we study the amount of gravitational waves emitted during a glitch.
Simple expressions are obtained for the corresponding characteristic amplitudes and
frequencies. The detectability of glitches through gravitational wave observatories is
briefly discussed.
Key words: methods: numerical – stars: neutron – pulsars: general – pulsars: indi-
vidual: PSR B0833–45 – gravitational waves
1 INTRODUCTION
Pulsars are very compact stars rotating rapidly with excep-
tionally stable periods spanning from ∼ 1.4 milliseconds to
a few seconds. Nevertheless, some pulsars exhibit sudden in-
creases in their observed angular velocity Ω, with relative
amplitude ∆Ω/Ω ranging between ∼ 10−11 and ∼ 10−5
(Wong et al. 2001; Espinoza et al. 2011). These spin-up
events, known as glitches, are usually followed by a slow
relaxation on time scales up to months or years and are
sometimes accompanied by abrupt changes in the pulsar
spin-down rate, ∆Ω˙/Ω˙ ∼ 10−4 − 10−2 (we use a dot to
denote time derivative). Presently, 472 glitches have been
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detected in 165 pulsars1 (Espinoza et al. 2011), with an-
gular velocities ranging from 0.09 Hz to 327 Hz (see, e.g.,
the ATNF Pulsar Database2; Manchester et al. (2005)). At
least two distinct glitching behaviours have been identified
(Espinoza et al. 2011; Yu et al. 2013): (i) quasi-periodic
giant glitches with a very narrow spread in size around
∆Ω/Ω ∼ 10−6, and (ii) smaller glitches of various sizes at
random intervals of time. The most emblematic pulsar of the
first kind is Vela (PSR B0833–45) with a rotation frequency
f = Ω/(2pi) ' 11.19 Hz (Dodson et al. 2007) corresponding
to a period P = 1/f ' 89 ms. Since its discovery in 1969,
19 glitches have been detected so far every ∼ 2-3 years (Es-
pinoza et al. 2011). The second type of glitching pulsars is
exemplified by the Crab (PSR B0531+21) with a rotation
frequency f ' 29.95 Hz (P ' 33 ms).
1 http://www.jb.man.ac.uk/pulsar/glitches.html.
2 http://www.atnf.csiro.au/research/pulsar/psrcat.
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Since the first detections of glitches (Radhakrishnan &
Manchester 1969; Reichley & Downs 1969), different mecha-
nisms have been proposed to explain these events (see, e.g.,
the review by Haskell & Melatos (2015)). A glitch is nowa-
days commonly thought as the manifestation of an inter-
nal process, except possibly for highly magnetised neutron
stars for which some evidence of magnetospheric activity
have been found (e.g. Archibald et al. (2013); Keith et al.
(2013); Antonopoulou et al. (2015)). The interior of neu-
tron stars can thus be probed using observations of pulsar
glitches.
Glitches were first suggested to arise from crustquakes
(Ruderman 1969; Baym & Pines 1971). Following this idea,
the presence of a solid crust (which crystallized when the star
was young and rapidly rotating) prevents readjustments of
the stellar shape, as the star spins down due to electromag-
netic emission. Crustal stresses thus build up, until the crust
cracks and the star suddenly adopts a more spherical shape.
The resulting reduction of the moment of inertia leads the
pulsar to spin up, assuming conservation of angular momen-
tum. This scenario can account for small glitches, such as
those exhibited by the Crab pulsar. However, as pointed out
by Ruderman (1969), this mechanism fails to predict the oc-
currence frequency of giant glitches, as observed in the Vela
pulsar.
Giant glitches are generally thought to be the mani-
festation of superfluid matter inside neutron stars, as sug-
gested by the very long time scales observed during post-
glitch relaxations (Baym et al. 1969a). From theoretical cal-
culations, the interior of a neutron star is expected to con-
tain an isotropic neutron superfluid in the inner crust, an
anisotropic neutron superfluid in the outer core, and possi-
bly other superfluid species in the inner core (see, e.g., Page
et al. (2013)). In a seminal work, Anderson & Itoh (1975)
proposed that glitches themselves could be triggered by the
sudden unpinning of neutron superfluid vortices. The idea is
the following. It is well-known from laboratory experiments
(see, e.g., Yarmchuk et al. (1979); Abo-Shaeer et al. (2001);
Zwierlein et al. (2005)) that a superfluid can only rotate
by forming an array of quantized vortices, each carrying a
quantum ~ of angular momentum, where ~ is the Planck-
Dirac constant. The neutron superfluid present in the core
and the inner crust of neutron stars is thus expected to be
threaded by a huge number of vortex lines, with a mean
surface density given by
nv (cm
−2) =
4mnΩn
h
' 10
7
P (ms)
, (1)
where h = 2pi~ is the Planck constant, mn is the neutron rest
mass and the coarse-grained averaged angular velocity Ωn of
the neutron superfluid is approximated by that of the star
(Ginzburg & Kirzhnits 1965). The neutron superfluid is sup-
posed to be weakly coupled to the rest of the star by so-called
mutual friction forces arising from the dissipative forces act-
ing on individual vortices (Alpar et al. 1984c). Due to the
spin down of the star induced by the electromagnetic torque,
vortices tend to move away from the rotation axis. The key
assumption of vortex-mediated glitch theories is that vor-
tices can pin to nuclear clusters in the inner crust (Anderson
& Itoh 1975) and/or to quantized magnetic flux tubes in the
core if protons form a type II superconductor (Baym et al.
1969a; Sauls 1989; Ruderman et al. 1998). In such case, the
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Figure 1. Schematic time evolution of the observed angular ve-
locity Ω of the pulsar and of the angular velocity Ωn of the interior
neutron superfluid over two glitch events.
neutron superfluid is decoupled from the rest of the star,
and can rotate more rapidly, as schematically illustrated on
Fig. 1. The lag δΩ = Ωn − Ω > 0 induces a Magnus force
on the vortices. The larger the lag, the stronger the force.
For some critical value δΩ0 of the lag, vortices will suddenly
unpin, the superfluid will spin down and, by conservation of
angular momentum, the rest of the star will spin up leading
to the observed glitch (see Fig. 1). During the subsequent
relaxation, these vortices are thought to progressively repin
and a lag can grow anew. This vortex-mediated scenario is
supported by laboratory experiments (Tsakadze & Tsakadze
1980) and the ability of the vortex creep model to reproduce
the post-glitch relaxations in different pulsars (Alpar et al.
1984a,b, 1993, 1996; Gu¨gercinog˘lu & Alpar 2014).
It is noteworthy to mention that the two mechanisms
described above are not necessarily independent. Indeed,
starquakes can be induced by the presence of superfluids
in neutron star interiors, whether superfluid vortices are
pinned (Ruderman 1991) or not (Carter et al. 2000; Chamel
& Carter 2006). In turn, sudden motions of vortices can be
triggered by quakes (Ruderman 1991; Chau & Cheng 1993;
Alpar et al. 1996; Eichler & Shaisultanov 2010).
Although mesoscopic studies of large collections (∼
102 − 104) of vortices provide useful insight (e.g. Warsza-
wski & Melatos (2011, 2013)), simulating pulsar glitches re-
quires to follow the dynamics of all the superfluid vortices
contained in the star. Given their huge number, ∼ 1017
for Vela, the overall transfer of angular momentum be-
tween the neutron superfluid and the rest of the star can be
studied using a smooth-averaged hydrodynamic approach,
still involving microscopic parameters determined by the lo-
cal dynamics of individual vortices (see, e.g., Bulgac et al.
(2013) and references therein). Whereas the general rela-
tivistic framework for describing starquakes was developed
a long time ago (Carter & Quintana 1975), the general rel-
ativistic formulation of the vortex-mediated glitch model is
more recent (Langlois et al. 1998). As a matter of fact, most
global numerical simulations of pulsar glitches have been
performed within the Newtonian framework (e.g., Larson
& Link (2002); Peralta et al. (2006); Sidery et al. (2010);
Haskell et al. (2012)). Recently, Seveso et al. (2012) and An-
tonelli & Pizzochero (2016) have developed a non-relativistic
hydrodynamic model for describing the different stages of
the glitch phenomenon based on the static structure of the
neutron star computed in general relativity. However, gen-
MNRAS 000, 1–18 (2016)
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eral relativity could also play an important role for the global
dynamics of glitches. Furthermore, general relativity is es-
sential to determine the amount of gravitational waves as-
sociated with glitch events. Observations of gravitational
waves are of particular interest since they could potentially
provide additional information on the glitch phenomenon
(see, e.g., Stopnitzky & Profumo (2014); Haskell & Melatos
(2015) and references therein).
In this paper, we present global numerical simulations
of vortex-mediated pulsar glitches. We focus on the spin-
up stage regardless of the glitch triggering mechanism. On
the other hand, we study the glitch dynamics in full general
relativity. We also derive the associated gravitational wave
characteristic amplitudes and frequencies using the standard
quadrupole formula. The paper is organized as follows. We
start by presenting, in Section 2, the different assumptions
on which our model is based. In Section 3, we introduce the
evolution equations governing the transfer of angular mo-
mentum in the interior of a pulsar during a glitch. Results of
stationary rotating configurations are discussed in Section 4.
In Section 5, we detail the numerical procedure underlying
our simulations. Results for the glitch rise time are presented
and discussed. We study the emission of gravitational waves
in Section 6. Finally, we conclude in Section 7.
2 MODEL ASSUMPTIONS
2.1 Quasi-stationary approach
The glitch phenomenon can be decomposed into distinct
stages (i.e. the pre-glitch evolution, the spin up, and the
post-glitch relaxation), which can be modelled separately in
view of the different associated time scales suggesting differ-
ent physical mechanisms. Focusing on the sudden spin up of
the pulsar after the catastrophic unpinning of vortices, stel-
lar dynamics are essentially governed by the mutual friction
force between the superfluid and the rest of the star. This
force acts on a characteristic time scale corresponding to the
glitch rise time τr, which has not been fully observationally
resolved yet. The most stringent observational constraint on
τr comes from the 2000 and 2004 Vela glitch timing data:
τr < 30− 40 s (Dodson et al. 2002, 2007).
It is interesting to compare τr with the typical time τh
for the star to go back to hydrodynamic equilibrium once
being driven out of it by a change in its rotation rate. Some-
times referred to as hydrodynamic time scale, this time is
roughly given by (Shapiro & Teukolsky 1983)
τh ∼ (Gρ¯)− 12 ' 0.1
(
R
12 km
) 3
2
(
M
1.4 M
)− 1
2
ms, (2)
where G denotes the gravitational constant, M is the
neutron-star mass, R the stellar radius, and ρ¯ ∼ 3M/(4piR3)
is the average density of the star. The hydrodynamic time τh
represents the time for a sound wave with speed cs to prop-
agate throughout a star of radius R, i.e. τh ∼ R/cs (Epstein
1988).
In the following, we shall assume that τr  τh, as sug-
gested by previous studies (Haskell et al. 2012), so that the
dynamical evolution of the pulsar can be reasonably well de-
scribed by a sequence of quasi-stationary equilibrium con-
figurations.
2.2 Two-component model
Due to the magnetic field, the electrically charged parti-
cles inside neutron stars are strongly coupled and essentially
co-rotate with the crust and the magnetosphere at the ob-
served angular velocity Ω (Glampedakis et al. 2011). We do
not account for other effects of the magnetic field on the
global dynamics of the star, which could be important for
the most strongly magnetised neutron stars (Bocquet et al.
1995; Chatterjee et al. 2015), but can be safely ignored for
the ordinary pulsars considered here.
The simplest model of pulsars thus consists of at least
two distinct dynamical components (Baym et al. 1969b): (i)
a plasma of charged particles (electrons, nuclei in the crust,
and protons in the core), and (ii) a neutron superfluid ex-
tending in the whole core. Because of (non-dissipative) mu-
tual neutron-proton entrainment effects according to which
the momenta are misaligned with the corresponding veloc-
ities (Andreev & Bashkin 1976), neutron superfluid vor-
tices in the core of a neutron star carry a fractional mag-
netic quantum flux (Sedrakian & Shakhabasian 1980). Elec-
trons scattering off the magnetic field of the vortex lines
was shown to induce a strong coupling between the core
superfluid and the crust (Alpar et al. 1984c). For this rea-
son, only the neutron superfluid permeating the inner crust
of the star has been generally thought to be responsible
for giant glitches. This scenario was also supported by the
analysis of the glitch data, which suggested that the super-
fluid represents only a few percent of the angular momen-
tum reservoir of the star (Alpar et al. 1993; Datta & Al-
par 1993; Link et al. 1999). On the other hand, this model
has been recently challenged (Chamel & Carter 2006; An-
dersson et al. 2012; Chamel 2013; Delsate et al. 2016) by
the realization that despite the absence of viscous drag the
crust can still resist the flow of the neutron superfluid due to
Bragg scattering (Chamel 2004; Carter et al. 2005; Chamel
2005, 2012). It has been argued that crustal entrainment
could be much weaker assuming that the superfluid coher-
ence length is much smaller than the size of clusters (Mar-
tin & Urban 2016). However, as recognized by these au-
thors, this condition is generally not satisfied. Even if crustal
entrainment is ignored, the analyses of the 2007 glitch de-
tected in PSR J1119−6127, as well as of the 2010 glitch in
PSR B2334+61 indicate that the crust is not enough (Yuan
et al. 2010; Alpar 2011; Akbal et al. 2015). These recent
studies suggest that the core superfluid plays a more im-
portant role than previously thought. In particular, the core
superfluid could be decoupled from the rest of the star due
to the pinning of vortices to quantized magnetic flux tubes
assuming protons form a type II superconductor (Gu¨gerci-
nog˘lu & Alpar 2014).
In this work, we thus focus on the dynamics of the su-
perfluid neutron star core within a two-fluid model: a neu-
tron superfluid coupled to the“normal”fluid made of protons
and electrons (simply referred to as “protons” in the follow-
ing). Quantities related to the two fluids will be labelled by
indices“n”and“p”respectively. Note that, since in our model
we do not consider the stellar crust, we do not account for
any crust-core coupling mechanisms, such as Ekman pump-
ing. These couplings could still have a strong impact on the
glitch dynamics, especially during the post-glitch relaxation
(van Eysden & Melatos 2010; Haskell & Melatos 2015).
MNRAS 000, 1–18 (2016)
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2.3 Spacetime symmetries
Our glitch simulations are based on the general relativis-
tic equilibrium configurations of rotating superfluid neutron
stars computed by Sourie et al. (2016). In this section, we
recall the main assumptions on the spacetime symmetries
and the metric.
The star is supposed to be axisymmetric and stationar-
ily rotating. Neglecting the very small non-circular motion
of the neutron superfluid due to the radial displacement of
the vortices during the glitch (Langlois et al. 1998), the two
fluids are further assumed to rotate around a common axis
with possibly different rotation rates. The spacetime is thus
stationary, axisymmetric, circular and asymptotically flat.
While the angular velocity Ωp = Ω of the charged compo-
nents can be reasonably assumed to be uniform, the angular
velocity Ωn of the neutron superfluid may vary throughout
the star. We circumvent this difficulty by considering that
both fluids are rigidly rotating as in the model of Sidery
et al. (2010) in Newtonian gravity. In this case, Ωn and Ωp
are to be understood as the angular velocities averaged over
the whole star. More details on general relativistic equilib-
rium configurations of rotating superfluid neutron stars can
be found in Prix et al. (2005); Sourie et al. (2016).
2.4 Chemical composition and equation of state
The dominant electroweak processes governing the compo-
sition of a neutron star are the direct (DU) and modified
(MU) Urca beta processes (Yakovlev et al. 2001). Within
the assumption of rigid-body rotation with a non-vanishing
lag δΩ, beta equilibrium can only possibly be achieved on
the rotational axis of the star (Andersson & Comer 2001).
Assuming corotation (δΩ = 0) and ignoring superfluidity,
the relaxation times towards beta equilibrium are roughly
given by (Yakovlev et al. 2001)
τ
(DU)
β ' 20
(
T
109 K
)−4
s (3)
τ
(MU)
β '
(
T
109 K
)−6
months (4)
where T represents the interior temperature of the star.
For glitching pulsars, whose characteristic “ages” τsd =
Ω/(2|Ω˙|) > 103 years (Espinoza et al. 2011) correspond to
temperatures below ∼ 109 K (Gnedin et al. 2001), Eqs. (3)
and (4) lead to time scales of the order of a few tens of sec-
onds and a month for the DU and MU processes respectively.
Differential rotation could in principle change the chemical
equilibrium (Langlois et al. 1998), however the resulting ef-
fects are presumably negligible in view of the very small lags
δΩ Ω. On the contrary, superfluidity can strongly reduce
the rates of beta processes (Villain & Haensel 2005), making
these time scales even longer. Therefore, beta equilibrium
may not be achieved during the spin up.
The DU and MU rates being poorly known, we assume
that τβ still remains much shorter than the interglitch time
so that the star is in beta equilibrium on the rotational axis
at the beginning of a glitch. During the glitch rise, in order
to estimate the error induced by our lack of knowledge, we
restrict to the two non-dissipative limiting cases:
(i) τβ  τr, i.e. no reaction takes place during the glitch.
The baryon masses of the two fluids MBn and M
B
p thus re-
main separately constant, which leads stellar matter on the
rotational axis to be (slightly) out of beta equilibrium.
(ii) τβ  τr, i.e. the stellar matter on the rotational axis
goes back instantaneously to beta equilibrium so that the
chemical potentials satisfy µn = µp, where µn (µp) repre-
sents the neutron (proton) chemical potential. In our simu-
lations, it is sufficient to impose this condition at the center
of the star, i.e. µnc = µ
p
c , as discussed by Prix et al. (2005).
Only the total baryon mass MB = MBn + M
B
p is conserved
in this case.
We adopt the same equations of state (EoSs) as in
Sourie et al. (2016). These EoSs referred to as DDH and
DDHδ were calculated from density-dependent relativistic
mean-field models, including σ, ω, ρ mesons for the former
and in addition the δ meson for the latter (Typel & Wolter
1999; Avancini et al. 2009). They were adapted to a system
of two fluids at zero temperature coupled by entrainment for
arbitrary compositions.
3 EVOLUTION EQUATIONS
3.1 Angular momentum transfer
Let Jn and Jp be the neutron superfluid and proton fluid an-
gular momenta respectively (see Langlois et al. (1998) and
Sourie et al. (2016) for definitions and expressions). Neglect-
ing any external torque, the dynamics of these two fluids dur-
ing the spin up is simply governed by the following equations
{
J˙n = + Γmf,
J˙p = − Γmf,
(5)
where Γmf stands for the mutual friction torque and overdot
for time derivative.
Langlois et al. (1998) derived a covariant expression
for the (relativistic) mutual friction torque Γmf, considering
straight vortices parallel to the rotation axis and arranged
on a regular array. The dynamical evolution of the superfluid
might potentially lead to the formation of a vortex tangle
(Peralta et al. 2006; Andersson et al. 2007). However, the
onset of superfluid turbulence remains highly speculative,
and therefore we shall not consider this possibility here. In
Langlois et al. (1998), the motion of unpinned vortex lines
was assumed to be simply determined from the interplay
between a Magnus force due to the neutron fluid and a dis-
sipative drag force caused by the proton fluid.
Our numerical approach is based on the 3+1 formal-
ism, in which the spacetime is foliated by a family (Σt)t∈R
of space-like hypersurfaces (see, e.g., Gourgoulhon (2012)).
Neglecting the small contribution of the non-circular motion
of the vortices, the 3+1 expression of the mutual friction
torque derived by Langlois et al. (1998) reads
Γmf =
∫
Σt
B Γnnn$nχ2⊥ d3Σ× (Ωp − Ωn) , (6)
in the absence of any dissipation related to chemical reac-
tions, see Eqs. (72) and (89) of Langlois et al. (1998). In
this expression, d3Σ denotes the volume element on the hy-
persurface Σt and nn is the density of the neutron fluid in
MNRAS 000, 1–18 (2016)
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its rest frame. The term Γn stands for the Lorentz factor
of the neutrons with respect to the so-called Eulerian ob-
server or zero-angular-momentum observer (ZAMO), whose
4-velocity corresponds to the unit future-oriented (time-like)
vector normal to Σt (e.g. Gourgoulhon (2012)). The macro-
scopic neutron vorticity $n reads (we use Greek letters for
spacetime indices)
$n =
√
$µν$µν
2
, (7)
where the vorticity 2-form $µν is defined by
$µν = ∇µpnν −∇νpnµ , (8)
pnµ denoting the conjugate superfluid momentum. We note
here that, on length scales smaller than the intervortex sep-
aration dv, typically of the order of dv ∼ n−1/2v ' 10−3 cm
(see Eq. (1)), $µν strictly vanishes because p
n
µ should be lo-
cally proportional to the gradient of a quantum scalar phase.
Nevertheless, on the large scales we are interested in here,
the neutron vorticity 2-form is non-vanishing, as well as its
corresponding scalar amplitude $n. Moreover, the geometric
quantity χ2⊥ is defined by
χ2⊥ = χ
α
⊥χ⊥α, χ
α
⊥ =⊥αβ χβ , (9)
where χα is the Killing vector associated with axisymme-
try and ⊥αβ is the projection tensor orthogonal to the 2-
dimensional string-type world sheets representing the vortex
cores, see Langlois et al. (1998) for details.
Finally, the mutual friction parameter B characterizes
the efficiency of the angular momentum transfer through
mutual friction. This parameter is given by (see e.g., Lan-
glois et al. (1998); Carter (2001))
B = R
1 +R2 (10)
as a function of the positive dimensionless drag-to-lift ratio
R. Since the dissipative processes contributing to mutual
friction are not the same in different stellar regions (Alpar
et al. 1984c; Jones 1990, 1992; Epstein & Baym 1992; Se-
drakian & Sedrakian 1995; Haskell et al. 2014), R is ex-
pected to vary throughout the star. However, the values of
this coefficient remain very uncertain. Microscopic estimates
differ by many orders of magnitude. Given the current lack
of knowledge on the microscopic origin of the mutual fric-
tion force, and since we are interested in global models of
neutron stars, we introduce the averaged coefficient
B¯ =
∫
Σt
B Γnnn$nχ2⊥ d3Σ∫
Σt
Γnnn$nχ
2
⊥ d
3Σ
, (11)
that we consider as a free input parameter in our numerical
simulations. Although R is likely to vary in time during the
glitch event (due to changes of the vortex velocity or the
repinning of some vortices, for instance), B¯ is assumed to be
time-independent for simplicity. The mutual friction torque
(6) thus becomes
Γmf = −B¯
∫
Σt
Γnnn$nχ
2
⊥ d
3Σ× δΩ, (12)
where δΩ = Ωn−Ωp is the lag between the fluids. As shown
in Appendix A1, the Newtonian limit of Eq. (12) is in perfect
agreement with the expression given by Sidery et al. (2010),
see their Eq. (58).
To describe any transfer of angular momentum, it is
convenient to introduce the partial moments of inertia
IXX =
(
∂JX
∂ΩX
)
ΩY
and IXY =
(
∂JX
∂ΩY
)
ΩX
, (13)
where the two different capital letters X and Y refer to pro-
tons or neutrons. Depending on the assumption on the chem-
ical composition (see Sec. 2.4), these derivatives are taken
either for fixed partial baryon masses MBn and M
B
p (case i)
or for a constant total baryon mass MB with identical chem-
ical potentials at the center of the star (case ii). It is possible
to show that Inp = Ipn, see Eq. (3.10) from Carter (1975).
Furthermore, the partial moments of inertia should obey the
following conditions
Inn > 0, Ipp > 0 & InnIpp > I
2
np, (14)
see Appendix B for more details. We also define the neutron
and proton moments of inertia, Iˆn and Iˆp, as
Iˆn = Inn + Inp and Iˆp = Ipp + Inp, (15)
and the total moment of inertia Iˆ by Iˆ = Iˆn + Iˆp. We note
here that these definitions are more general than the mo-
ments of inertia discussed in Sec. II-D of Sourie et al. (2016)
in the limiting case of corotating fluids. However, the two
definitions coincide in the slow-rotation approximation.
Given the previous definitions, the time derivatives of
the angular momenta can be expressed as{
J˙n = InnΩ˙n + InpΩ˙p,
J˙p = InpΩ˙n + IppΩ˙p.
(16)
Using the expression (12) of the mutual friction torque, the
angular momentum transfer (5) reads
Ω˙n = − Iˆp
InnIpp − I 2np × B¯ κ δΩ,
Ω˙p = +
Iˆn
InnIpp − I 2np × B¯ κ δΩ,
(17)
where we have introduced the quantity κ defined by
κ =
∫
Σt
Γnnn$nχ
2
⊥ d
3Σ. (18)
It should be noticed that, in view of the conditions (14), the
denominator appearing in Eq. (17) never vanishes. The time
evolution of the lag δΩ = Ωn − Ωp is thus governed by the
simple equation
δΩ˙
δΩ
= − Iˆ
InnIpp − I 2np × B¯ κ. (19)
3.2 Analytical estimate for the spin-up time scale
We now focus on deriving an approximate analytical formula
for the spin-up time scale. Recalling that ∆Ω/Ω 1, where
∆Ω represents the variation in the pulsar rotation rate dur-
ing the spin up, it is a reasonable approximation to neglect
the change in the different quantities appearing in the right-
hand side of (19). Starting from an initial lag δΩ0 at the
beginning of the spin up (see Sec. 5.1.2), the lag therefore
approximately evolves as
δΩ(t) ≈ δΩ0 × exp(−t/τr), (20)
MNRAS 000, 1–18 (2016)
6 A. Sourie et al.
where we have introduced the characteristic time scale
τr =
IˆnIˆp − IˆInp
IˆB¯κ . (21)
The time evolution of the two angular velocities is given by
Ωn(t) ≈ Ω0n + Iˆp
Iˆ
× δΩ0 × (exp(−t/τr)− 1) ,
Ωp(t) ≈ Ω0p − Iˆn
Iˆ
× δΩ0 × (exp(−t/τr)− 1) ,
(22)
where Ω0n and Ω
0
p are the fluid rotation rates when the glitch
is triggered.
By analogy with the Newtonian limit (A10), we intro-
duce the quantity ζ through the relation
κ = 2ζIˆnΩn. (23)
Still, it should be remarked that general relativistic correc-
tions are not only included in ζ but are also partially con-
tained in Iˆn. Using (23), the general relativistic rise time
(21) now reads
τr =
Iˆp
Iˆ
× 1
2ζB¯Ωn ×
(
1− InpIˆ
IˆnIˆp
)
. (24)
Considering slowly rotating stars, for which Ωn,Ωp 
ΩK where the Keplerian limit ΩK is the maximum angu-
lar velocity above which mass-shedding occurs at the equa-
tor, the Newtonian limit of (24) is found to be in perfect
agreement with results from Sidery et al. (2010), see Ap-
pendix A2. Note that this approximation is quite reason-
able, given the rotation frequencies of observed glitching
pulsars and the estimated values of the Keplerian frequency
ΩK/(2pi), which is of the order of ∼ 900 to 1800 Hz for
neutron stars with masses larger than 1.4 M (e.g., Haensel
et al. (2009); Fantina et al. (2013); Haensel et al. (2016)).
The analytical expression (24) of the spin-up time scale
calls for several remarks. First, since the radial velocity of
the vortex lines increases with the mutual friction parame-
ter (see Eq. (36) of Carter (2001) in the Newtonian case and
Eq. (85) of Langlois et al. (1998) in the relativistic frame-
work), the larger B¯ is, the faster is the transfer of angular
momentum, consistently with (24). As pointed out by Carter
(2001), the parameter B¯ can not take any arbitrary value:
according to (10), we have B¯ ≤ 1/2. This implies the follow-
ing lower bound for the spin-up time scale:
τr >
Iˆp
Iˆ
× 1
ζΩn
×
(
1− InpIˆ
IˆnIˆp
)
. (25)
which is only reached for R = 1. Furthermore, in the slow-
rotation approximation, τr is also found to be inversely pro-
portional to Ωn, which can be interpreted from the fact that
the mutual friction torque is proportional to the surface den-
sity of vortex lines (see Eq. (65) of Andersson et al. (2006)
in the Newtonian context) through the superfluid vorticity
$n (7), which in turn is roughly proportional to Ωn, see
Eq. (1). The roles of ζ and Inp will be studied in details in
the following section.
4 STATIONARY ROTATING CONFIGURA-
TIONS
In this section, we present numerical results concerning the
superfluid vorticity and the couplings between the fluids,
which are both playing an important role in the angular
momentum transfer during a glitch event. These quantities
can be directly obtained from the equilibrium configurations
computed by Sourie et al. (2016).
4.1 Superfluid vorticity
In Fig. 2, the superfluid vorticity $n (7) is plotted as a func-
tion of the radial coordinate, for a star spinning at Vela’s
rotation frequency, i.e. fn = fp = 11.19 Hz, and assuming
beta equilibrium. The vorticity is normalized to its Newto-
nian limit $newtn = 2mnΩn. In the left panel, the results
from both EoSs are compared, whereas in the right panel
vorticity profiles are represented for different gravitational
masses, using the DDH EoS.
The deviation from the Newtonian value can be simply
interpreted in terms of the compactness parameter Ξ of the
star, defined as the dimensionless ratio of the gravitational
mass MG of the star to its circumferential radius in the equa-
torial plane Rc,eq (see Gourgoulhon (2010) for definitions),
i.e.
Ξ =
GMG
Rc,eqc2
. (26)
For a 1.4 M neutron star spinning at 11.19 Hz, the DDHδ
EoS predicts a larger radius than the DDH one, which leads
to ΞDDH & ΞDDHδ. The deviation from the non-relativistic
case is therefore slightly stronger for DDH, as can be seen
in the left panel of Fig. 2. Similarly, since the compactness
parameter increases with the mass of the star, the deviation
from the expected value in the Newtonian limit is more im-
portant for more massive stars, and can reach a maximum
of ∼ 30 % (see the right panel of Fig. 2). It is interesting
to note that, since the compactness parameter is smaller for
higher rotation rates at fixed gravitational mass, the general
relativistic correction is found to be less important for stars
spinning more rapidly.
Moreover, the quantity ζ involved in the spin-up time
scale (24) can be determined from Eqs. (18) and (23) us-
ing stationary configurations, by computing the superfluid
vorticity profile and the appropriate moments of inertia. To
reach high accuracy, the latter are calculated from Eq. (13)
using a fourth-order finite difference method, either at given
fluid baryon masses (case i) or for a fixed total baryon mass
with chemical equilibrium at the center (case ii), depending
on the assumption on the composition (see Sec. 2.4).
For a given rotation frequency, neglecting the lag and
assuming beta equilibrium, ζ is found to decrease with in-
creasing mass and tends towards 1 for small compactness
parameters (see Appendix A2). In particular, for a star spin-
ning at 11.19 Hz, ζ thus changes from 0.869 (0.880) for
MG = 1.4 M to 0.763 (0.792) for a 2 M neutron star
with the DDH(δ) EoS. On the other hand, at fixed gravita-
tional mass, ζ is approximately independent of the angular
velocity in the slow-rotation approximation (Ωn,Ωp  ΩK).
Since the moments of inertia are also nearly constant for low
rotation rates, τr turns out to be inversely proportional to
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Figure 2. Superfluid vorticity in a neutron star plotted with respect to the radial coordinate r, in the equatorial (θ = pi/2) and polar
(θ = 0) planes, for fn = fp = 11.19 Hz, assuming beta equilibrium. The neutron vorticity $n is normalized to its expected value 2mn Ωn
in the Newtonian limit, if corotation is enforced (black dashed lines). Blue vertical lines represent the radii at which nn = 0, for both
polar and equatorial planes given that the star is approximately spherical at such a low angular velocity. Left: Neutron vorticity profiles
for a star with a gravitational mass MG = 1.4 M, using DDH (blue lines) and DDHδ (orange lines) EoSs. Right: Influence of the
gravitational mass of the star on the vorticity profiles, using the DDH EoS. Results in the equatorial (polar) plane are plotted in solid
(dashed) lines in both panels. See the online version for colors.
the angular velocity, see Eq. (24). However, for rotation fre-
quencies substantially higher than that of Vela, the moments
of inertia are found to increase more rapidly than κ, mean-
ing that ζ decreases when the angular velocity gets higher.
For instance, the DDH EoS leads to ζ = 0.834 for a 1.4 M
neutron star spinning at 327 Hz, which is the rotation fre-
quency of the fastest glitching pulsar observed so far (see
the ATNF Pulsar Database3; Manchester et al. (2005)).
4.2 Entrainment and frame-dragging effects
The cross moment of inertia Inp introduced in Eq. (13) con-
tains all the possible couplings between neutrons and pro-
tons. A first coupling is due to entrainment, which in the
core of neutron stars comes from the strong interactions be-
tween nucleons. This effect was already discussed in details
in Sec. III of Sourie et al. (2016) for both DDH and DDHδ
EoSs. In Newtonian gravity, entrainment is the main fluid
coupling at low angular velocities, see Appendix A3. Nev-
ertheless, as already mentioned in Sourie et al. (2016), a
new coupling arises in the general relativistic context from
the so-called Lense-Thirring or frame-dragging effect (see
Carter (1975)).
In what follows, we characterize the total coupling be-
tween the fluids through the following quantities
εˆn =
Inp
Iˆn
and εˆp =
Inp
Iˆp
. (27)
From the stability conditions (14), these parameters are not
arbitrary but must satisfy the following inequality(
1
εˆp
− 1
)(
1
εˆn
− 1
)
> 1. (28)
At first order in the lag δΩ = Ωn − Ωp and in the slow-
rotation approximation, these coupling coefficients can be
3 http://www.atnf.csiro.au/research/pulsar/psrcat.
written as
εˆX =
ε˜X − εLTYX
1− εLTYX − εLTXX
, (29)
where X and Y 6= X are n or p for neutrons or protons
respectively, see Appendix C for details. In this expression,
the term ε˜X characterizes entrainment effects averaged over
the star (C6), whereas εLTYX and ε
LT
XX represent respectively
the frame-dragging effect on fluid X caused by the second
fluid and fluid X itself, see Eqs. (C7) and (C9). Quite re-
markably, frame-dragging effects lead to similar fluid cou-
plings as the entrainment arising from neutron-proton inter-
actions, see Eq. (C10). Since the different quantities involved
in Eq. (29) are positive, the Lense-Thirring effect is found to
act in an opposite way to entrainment in the core. The rea-
son for the presence of minus signs in front of every quantity
relative to frame-dragging effects is the following: a zero-
angular-momentum observer will rotate in the same sense
as the whole star, leading a zero-angular-velocity observer
to have an angular momentum with an opposite sign to the
total angular momentum of the star, even if this observer
is static (Carter 1975). As a consequence, in the absence of
entrainment, the total coupling coefficient is still expected
to be non-vanishing and negative. Although entrainment is
likely to be small in the outermost regions of the core of neu-
tron stars (Carter et al. 2006a; Chamel & Haensel 2006), its
overall effect on the whole star is not necessarily negligible
and therefore εˆX could be positive or negative.
To assess the relative importance of these two effects to
the total coupling coefficient εˆp, the quantities ε˜p and ε
LT
np
are plotted in the left panel of Fig. 3 as functions of the
gravitational mass MG of the star for the DDH EoS. Since
typically δΩ  Ωn,Ωp, we consider here that Ωn = Ωp =
2pi×11.19 rad.s−1. The mean proton entrainment parameter
ε˜p is increasing with the mass, because higher densities are
reached in the star (see Sourie et al. (2016) - Fig. 2). Since
general relativistic effects are the strongest for the most mas-
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Figure 3. Left: Entrainment parameter ε˜p and Lense-Thirring coefficients εLTnp and ε
LT
nn (see text and Appendix C for definitions) as
functions of the gravitational mass MG of the star, for fn = fp = 11.19 Hz. Only results obtained from the DDH EoS are presented.
Right: Total coupling coefficient εˆp and entrainment parameter ε˜p with respect to the gravitational mass, for a star spinning at 11.19 Hz,
assuming corotation and beta equilibrium. Results obtained with the DDH(δ) EoS are shown in solid (dashed) lines.
sive stars, εLTnp increases with the stellar mass. It is interesting
to note that ε˜p and ε
LT
np are found to be roughly of the same
order of magnitude, making the Lense-Thirring contribution
to the total coupling be very important. A similar conclu-
sion is reached with the DDHδ EoS. Since εLTnn and ε
LT
np both
characterize the contribution of the neutron fluid to frame-
dragging effects, these two parameters are very close to each
other, as can be seen in the left panel of Fig. 3. For the same
reasons, we have εLTpn ' εLTpp . Moreover, we numerically find
that εLTpp ' Iˆp/Iˆn × εLTnn  εLTnn , which means that the
relative contribution of the two fluids to the frame-dragging
effect is mainly due to their relative proportion in mass, as
expected. The typical values obtained for the Lense-Thirring
parameters are found to be consistent with the rough esti-
mates given by Carter (1975), within a factor of ∼ 4 for both
EoSs.
Using the DDH EoS, the equality of the cross moments
of inertia Inp and Ipn, see Sec. 3.1, is numerically verified
with a precision better than ∼ 0.1% for f < 327 Hz. In the
following, we mainly focus on the proton coupling parame-
ter εˆp (27). Indeed, the neutron parameter εˆn can be simply
deduced from Eq. (27), i.e. εˆn = Iˆp/Iˆn × εˆp  εˆp. For
the numerical results displayed in Fig. 3, we fixed the total
baryon masses (case ii). However, for the low rotation fre-
quency we considered, fixing the individual baryon masses
(case i) would have lead to essentially the same results.
As displayed in the right panel of Fig. 3 for a star spin-
ning at 11.19 Hz, the total coupling coefficient εˆp is found
to decrease significantly when the gravitational mass in-
creases. This means that, although entrainment effects be-
come more important, the frame-dragging contribution is
increasing even more rapidly (see the left panel of Fig. 3).
The discrepancy between entrainment parameters and total
coupling coefficients can be clearly seen in the right panel
of Fig. 3. For slowly rotating stars (with f . 100 Hz), re-
sults obtained from Eqs. (27) and (29) agree with a precision
better than ∼ 0.1% for the DDH EoS and ∼ 0.3% for the
DDHδ one. As DDH and DDHδ predict stars with similar
compactness parameters, frame-dragging effects are nearly
the same for the two EoSs. Nevertheless, since entrainment
effects are much stronger with DDH (see Fig. 2 of Sourie
et al. (2016)), the total coupling is higher for DDH than for
DDHδ.
Making use of the coupling parameters (27), the general
relativistic spin-up time scale (24) leads to a similar expres-
sion to that obtained within the Newtonian framework (see
Eq. (A12)), namely
τr =
Iˆp
Iˆ
× 1− εˆp − εˆn
2ζB¯Ωn . (30)
It should be stressed however that general relativistic effects
are not only included in the coefficient ζ but can also change
the other parameters (for more details, see Sec. 5.2.2). Fur-
thermore, using Eq. (29) and considering that εLTnp ' εLTnn
and εLTpn ' εLTpp , the spin-up time scale is roughly given by
τr ' Iˆp
Iˆ
× 1− ε˜p − ε˜n
1− εLTpp − εLTnn ×
1
2ζB¯Ωn , (31)
in the slow-rotation approximation. From this expression,
we clearly see that the Lense-Thirring effect acts to slow
down the angular momentum transfer, whereas entrainment
effects in the core tend to make it more efficient. Still, note
that entrainment in the inner crust, which comes from Bragg
scattering of dripped neutrons by nuclei (Chamel 2005,
2012), is expected to lead to ε˜X < 0. In such a case, both
entrainment and frame-dragging effects shall contribute to
slow down the glitch event.
So far, we only focused on the slow-rotation approxima-
tion, in which the two fluids composing a neutron star are
only coupled through entrainment and frame-dragging ef-
fects. Although this assumption is totally justified for Vela,
it may not remain valid for other glitching pulsars. In par-
ticular, for rotation frequencies higher than ∼ 100 Hz, the
deformation of each fluid due to rotation leads to additional
couplings via gravity, similarly to the Newtonian case (see
Appendix A3). Beyond ∼ 100 Hz, the coupling coefficient εˆp
is found to decrease strongly when the rotation frequency in-
creases, see Fig. 4, and also depends on the assumption made
on chemical equilibrium.
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Figure 4. Coupling coefficient εˆp computed from (27) as a func-
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 neutron star, assuming
corotation and beta equilibrium (case ii). Results are shown in red
(blue) for DDH(δ) EoS. The maximum rotation frequency consid-
ered here is 327 Hz, which corresponds to the highest frequency
of observed glitching pulsars.
5 NUMERICAL SIMULATIONS OF GLITCHES
5.1 Numerical procedure
5.1.1 Computational scheme
Starting from two angular velocities Ω0n and Ω
0
p at the be-
ginning of the glitch event (see Sec. 5.1.2), the evolution of
the fluid rotation rates is computed from a series of equilib-
rium configurations (see Sec. 2.1), either keeping fixed the
total baryon mass MB with µnc = µ
p
c or for constant par-
tial baryon masses MBn and M
B
p , see Sec. 2.4. This means
that, for given angular velocities corresponding to the in-
stant under consideration, the mutual friction torque on the
right-hand side of Eq. (17) is calculated at equilibrium, us-
ing the code described in Sourie et al. (2016). The moments
of inertia involved in Eq. (17) are computed either through
a fourth-order finite difference method or from a spectral in-
terpolation based on Chebyshev polynomials. In the former,
the moments of inertia are taken as constants during the
glitch and evaluated at the rotation frequencies at the end
of the glitch. On the contrary, in the latter, the moments of
inertia are calculated for the angular velocities correspond-
ing to the instant under consideration.
The angular velocities are evolved in time employing a
two-step explicit Adams-Bashforth method using a time step
δt  τr. For the different results given in Sec. 5.2, we typi-
cally consider time steps of the order of δt ' τr/104−τr/102,
where τr is estimated from Eq. (24). Note that, for the differ-
ent simulations performed, the total baryon mass MB and
the total angular momentum J are conserved during the
glitch with a precision better than 10−10.
5.1.2 Initial conditions
The lag δΩ0 = Ω
0
n−Ω0p at the beginning of the glitch should
be determined from the pinning of vortex lines during the
pre-glitch evolution (see, e.g., Haskell et al. (2012)). Still,
it is possible to get the initial angular velocities Ω0n and
Ω0p from basic considerations, regardless of the physical pro-
cesses that build up the lag and trigger the glitch, as de-
scribed in the following.
We denote by Ωfn and Ω
f
p the angular velocities at
the end of the spin-up, i.e. when the post-glitch relaxation
starts. By assuming that the system relaxes completely dur-
ing the glitch rise, as suggested by Eq. (20), we have
Ωfn = Ω
f
p = Ω
f. (32)
The initial proton rotation frequency Ω0p can be simply de-
duced from a given choice of the amplitude
∆Ω
Ω
=
Ωf − Ω0p
Ω0p
(33)
of the glitch to be modelled, which is typically of the order of
∼ 10−6 for Vela (Dodson et al. 2007). Furthermore, the total
angular momentum J = Jn +Jp being conserved during the
whole glitch event, see Eq. (5), the last unknown Ω0n can be
determined from
J
(
Ω0n,Ω
0
p
)
= J
(
Ωfn,Ω
f
p
)
. (34)
Since the glitch amplitudes are extremely small, the final
angular velocities ΩfX are very close to the initial values Ω
0
X .
Expanding J to first order in the angular velocities is thus
sufficient to determine Ω0n with very high accuracy:
Ω0n ' Ωf
(
1 +
Iˆp
Iˆn
∆Ω
Ω
)
, (35)
where the moments of inertia, defined by (13), are computed
at the end of the glitch, i.e. for Ωfp = Ω
f
n.
The initial lag δΩ0 is therefore given by
δΩ0 = Ω
0
n − Ω0p ' Ωf Iˆ
Iˆn
∆Ω
Ω
, (36)
which leads to ∼ 7.10−5 rad.s−1 for the Vela pulsar, taking
Ωf/(2pi) = 11.19 Hz. We deduce that the lag between the
two fluids always verifies the condition
δΩ
Ω
6 δΩ0
Ω
' ∆Ω
Ω
 1, (37)
meaning that the deviation from corotation remains very
small during the glitch event.
To summarize, the numerical simulations require the
following macroscopic ingredients:
• the rotation rate Ωf of the star,
• its gravitational mass MG,
• the glitch amplitude ∆Ω/Ω,
which can be potentially directly obtained from observa-
tions. In addition, the following microscopic inputs need to
be specified:
• the EoS used to describe the interior of the star (for the
adopted composition as discussed in Sec. 2.4),
• the mutual friction parameter B¯.
Contrary to the total baryon mass MB , the gravita-
tional mass MG, which corresponds to the observed mass
of the pulsar, should vary during the glitch spin up. Never-
theless, we note that the change in MG associated with the
angular momentum transfer is found to be smaller than a few
10−10 for the different tests performed with ∆Ω/Ω = 10−6.
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Figure 5. Left: Time evolution of the superfluid and proton angular velocities for realistic input parameters corresponding to Vela(
f = 11.19 Hz, ∆Ω/Ω = 10−6
)
. The gravitational mass is MG = 1.4 M. The mutual friction parameter is B¯ = 10−4. The dynamical
evolution of the two fluids is plotted in terms of (ΩX(t)− Ω0p)/Ω0p. Results obtained from the DDH(δ) EoS are shown in solid (dashed)
lines. Right: Lag δΩ = Ωn − Ωp as a function of time for the same input parameters. Straight lines correspond to fits with exponential
decaying laws.
5.2 Numerical results
We now present various results obtained from the numerical
simulations described in the previous section. In the follow-
ing, we mainly consider slowly rotating pulsars like Vela for
which the assumption on the composition is unimportant
(for the actual numerical calculations, we consider case ii,
see Sec. 2.4). The impact of the chemical equilibrium on the
evolution of more rapidly rotating neutron stars is discussed
at the end of Sec. 5.2.1.
5.2.1 Dynamical evolution
In Fig. 5, we show the temporal evolution of the two angular
velocities and the lag δΩ = Ωn − Ωp for conditions corre-
sponding to the Vela pulsar. The gravitational mass of this
pulsar being not (well) known, we have chosen the canoni-
cal value of MG = 1.4 M in this example. Moreover, the
mutual friction parameter is arbitrarily fixed to B¯ = 10−4.
Results are shown in Fig. 5 for both EoSs studied in Sourie
et al. (2016), namely the DDH and DDHδ EoSs, with only
small differences between both. As can be seen in the right
panel, the evolution of the lag can be very well described
by an exponential law of the form (20), as expected from
Sec. 3.2. For the present example, we find τr = 4.23 s with
the DDH EoS and τr = 2.92 s with the DDHδ one. It should
be remarked that these characteristic times, obtained from
the time evolution of the lag, correspond indeed to the spin-
up time scales that could be measured from precise timing
observations of glitches, see Eq. (22).
In order to study the dependence of the rise time on the
different input parameters and to compare with the results
given in Sec. 3.2, we have performed a series of simulations,
varying in particular the mutual friction parameter B¯, the
rotation rate Ω of the star as well as its gravitational mass
MG. In Fig. 6, the spin-up time scale is plotted with respect
to the pulsar angular velocity Ωf, for two different gravita-
tional masses and both EoSs, assuming a glitch amplitude
∆Ω/Ω = 10−6. The rise time turns out to be inversely pro-
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Figure 6. Glitch rise time τr as a function of the pulsar rotation
rate f = Ω/(2pi), for a glitch amplitude ∆Ω/Ω = 10−6. Results
obtained from the DDH(δ) EoS are shown in solid (dashed) lines.
Configurations with two different gravitational masses are dis-
played, using B¯ = 10−4.
portional to the pulsar rotation rate with a high accuracy,
consistently with (24). A very small deviation from this sim-
ple behaviour can be seen for f & 100 Hz, due to the strong
increase of the moments of inertia with the angular velocity
in this range of values (see Sec. 4.1).
For the different cases considered in Fig. 6, the numer-
ical results are found to agree with values inferred from
Eq. (24) with a precision better than ∼ 5 × 10−6. This
limit of accuracy comes from the numerical errors associ-
ated with dynamical simulations, which are dominated by
the discretization in time and the precision with which the
moments of inertia are computed. The reason why Eq. (24)
gives such a precise estimate for the spin-up time scale comes
from the extremely small glitch amplitudes that are ob-
served. The spin-up time scale can thus be very precisely
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Figure 7. Glitch rise time τr plotted with respect to the grav-
itational mass MG, for a star spinning at 11.19 Hz. The glitch
parameters B¯ and ∆Ω/Ω are respectively fixed to 10−4 and 10−6.
Results obtained from the DDH(δ) EoS are displayed with blue
dots (yellow crosses).
estimated from Eq. (24) by merely computing stationary
configurations and ignoring the change in the moments of
inertia during the glitch.
All other parameters fixed, the rise time increases with
the gravitational mass of the star, as highlighted in Fig. 7.
Several reasons can be invoked to explain this fact. First, the
proton fraction xp = np/ (nn + np) and therefore the ratio
Iˆp/Iˆ are strongly increasing with the mass of the star, see
Appendix D. As the neutron fraction decreases, the transfer
of angular momentum becomes longer (see Eq. (30)). More-
over, the coupling coefficient εˆp and the quantity ζ are also
found to decrease significantly as the gravitational mass in-
creases, see Sec. 4. The transfer of angular momentum is
thus slowed down (Eq. (30)). It should also be noticed that,
even if the coupling is much stronger for DDH (see the right
panel of Fig. 3), the spin-up time scale is systematically
longer with the DDH EoS than with the DDHδ one because
the proton fraction and thus the ratio Iˆp/Iˆ predicted by this
EoS are much higher.
Finally, a few tests have been also performed to study
the influence of the assumption concerning the evolution
of the chemical composition during the glitch rise (see
Sec. 2.4). Whether considering constant individual baryon
masses (case i) or fixed total baryon mass with beta equi-
librium at the center (case ii) leads to negligible differences
for the glitch rise time at low rotation frequencies. For in-
stance, the deviation is lower than ∼ 7 × 10−5 for a star
rotating at 11.19 Hz within both EoSs, assuming a small
glitch amplitude and fixed moments of inertia. Nevertheless,
the impact of the assumption on the chemical equilibrium
increases sharply with the angular velocity: for both EoSs,
the discrepancy between cases (i) and (ii) is of the order of
∼ 2 × 10−3 for 65 Hz and ∼ 5 × 10−2 for 327 Hz. Still, it
is important to note that the influence of the assumption
relative to chemical equilibrium is much smaller than the
dependence of the rise time on any other input parameters
of our model, such as masses or rotation rates. This is the
Table 1. Polytropic parameters defining EoSs I (38) and II (39).
For EoS I, κn, κp and κnp are given in units of ρ0c2n
−2
0 where
n0 = 0.1 fm−3 and ρ0 = 1.66× 1017 kg.m−3, whereas κn and κp
are respectively expressed in units of ρ0c2n
−2.1
0 and ρ0c
2n−2.30
for the second EoS. For both EoSs, κ∆ is expressed in units of
ρ0n
−2
0 .
κn κp κnp κ∆
EoS I 0.05 0.5 0.025 0.02
EoS II 0.046 1.4 - 0.1
reason why we consider only case (ii) in most of the results
presented in the present paper.
5.2.2 Contribution of general relativity
To study the global contribution of general relativity to
the spin-up time scale, we compare the rise times obtained
within both relativistic and Newtonian frameworks. For sim-
plicity, we consider polytropic EoSs, as implemented by Prix
et al. (2005).
In Fig. 8, the relative differences on τr are plotted with
respect to the compactness parameter (26), obtained for a
star rotating at 10 Hz by varying its (gravitational) mass.
We consider two different EoSs (referred to as EoS I and
II), with small and respectively strong entrainment effects,
associated with the following Lagrangian densities Λ = −E
with
E = 1
2
κnn
2
n+
1
2
κpn
2
p+κnpnnnp+κ∆nnnp∆
2 ( + ρc2 ) , (38)
and
E = 1
2
κnn
2.1
n +
1
2
κpn
2.3
p + κ∆nnnp∆
2 ( + ρc2 ) , (39)
respectively, where ρ = mnnn +mpnp, ∆ stands for the rel-
ative speed between the fluids and we have used the same
notation as in Prix et al. (2005). Note that the rest mass
energy density is only present in the general relativistic case
(more details on the differences between Newtonian and rel-
ativistic computations can be found in Sec. IV-A of Prix
et al. (2005)). The different parameters κn, κp and κnp (see
Table 1) are chosen in order to reproduce “realistic” values
for the mass, radius and proton fraction xp of the stars: for
instance, EoS I leads to a constant proton fraction through-
out the star with xp = 0.05, whereas a varying proton frac-
tion in the range xp ' 0.05 − 0.1 is obtained with EoS II
for a 1.4 M (relativistic) neutron star spinning at 10 Hz.
Both EoSs predict an external circumferential radius in the
equatorial plane Rc, eq ' 13 km for a relativistic neutron
star with MG = 1.4 M. The entrainment contribution is
included through the coefficient κ∆. The forms of the EoSs
are taken consistently with the fact that entrainment effects
should vanish when one of the fluids disappears (see Sourie
et al. (2016)). For EoS I, we take κ∆ = 0.02 in order to sat-
isfy all the required stability conditions (Chamel & Haensel
2006). This choice leads to ε˜p ' 0.07 for a (relativistic) neu-
tron star spinning at 10 Hz, with MG = 1.4 M. Although
this value is quite small compared to realistic EoSs (Fig. 3),
it still corresponds to the outer core of neutron stars, where
entrainment effects are nearly vanishing. On the contrary,
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Figure 8. Relative differences between general relativistic and Newtonian rise times (blue solid lines) for a glitch amplitude ∆Ω/Ω = 10−6
as functions of the (relativistic) compactness parameter, for a star spinning at 10 Hz. Results are shown for the two polytropic EoSs
described in the text: the left (right) panel corresponds to EoS I (EoS II). Other curves highlight the contribution of general relativity
in the computation of the different terms involved in the spin-up time scale (30): results accounting only for the general relativistic
corrections on the ratio Iˆp/Iˆ are displayed in orange dashed-dotted lines, whereas general relativistic corrections on both Iˆp/Iˆ and ζ are
considered in the red dashed lines. The green dotted lines include the additional corrections on the entrainment parameters ε˜X but do
not account for the frame-dragging contribution to the coupling coefficients εˆX (29).
requiring stability for EoS II, a value of κ∆ = 0.1 leads to
ε˜p ' 0.29 for the same mass and spin, which happens to be
much more realistic.
General relativity is expected to play a role in determin-
ing the moments of inertia Iˆp and Iˆ, the quantity ζ and the
coupling coefficients εˆX involved in the spin-up time scale
(30). To highlight the contribution of general relativity on
these different terms, the following quantities are plotted in
Fig. 8 for EoS I (left panel) and EoS II (right panel):
• τ
GR
r − τnewtr
τGRr
= 1 − Iˆ
newt
p
Iˆnewt
IˆGR
IˆGRp
1− ε˜ newtp − ε˜ newtn
1− εˆ GRp − εˆ GRn ζ, de-
noting Newtonian and general relativistic quantities by
“newt” and “GR” respectively (see Eq. (29) and Appendix C
for the definitions of the total coupling coefficients εˆX and
the entrainment parameters ε˜X),
• 1− Iˆ
newt
p
Iˆnewt
IˆGR
IˆGRp
, accounting only for the relativistic cor-
rections on the ratio Iˆp/Iˆ,
• 1− Iˆ
newt
p
Iˆnewt
IˆGR
IˆGRp
ζ, considering both relativistic corrections
on the moments of inertia and ζ,
• 1− Iˆ
newt
p
Iˆnewt
IˆGR
IˆGRp
1− ε˜ newtp − ε˜ newtn
1− ε˜ GRp − ε˜ GRn ζ, taking into account
relativistic corrections on the moments of inertia, ζ and the
entrainment parameters ε˜X .
As expected, general relativistic corrections tend to
zero, when the compactness parameter decreases. Concern-
ing EoS I, general relativistic corrections on the ratio Iˆp/Iˆ
are found to be extremely small (see the left panel of Fig. 8).
This is due to the fact that xp is constant throughout the
whole star within this EoS and Iˆp/Iˆ = xp in both Newtonian
and general relativistic frameworks, for a slowly rotating star
in beta equilibrium and in the limit of vanishing lag between
the fluids. In Newtonian gravity, ζ is equal to 1. Since gen-
eral relativity leads to ζ . 1 (see Sec. 4.1), this quantity acts
to lengthen the rise time. Moreover, the general relativistic
entrainment parameters are found to be much higher than
their Newtonian counterparts, because higher densities are
reached when general relativity is considered. These general
relativistic corrections on entrainment tend to lower the rise
time. Finally, frame-dragging contribution to the coupling
coefficients εˆX (29) also leads to a longer spin-up time scale
(see Eq. (31)). Similar remarks apply to EoS II but with
two differences. First, general relativity slightly modifies the
ratio of the moments of inertia, see the right panel of Fig. 8.
Furthermore, entrainment effects are much more important
within this EoS than in EoS I, leading to a much larger re-
duction of the rise time. To summarize, general relativistic
corrections on the different terms involved in the spin-up
time scale are found to be roughly of the same order of
magnitude but depend strongly on the EoS considered. In
particular, the frame-dragging contribution to the fluid cou-
plings is found to be important.
For values of the compactness parameter relevant for
neutron stars, i.e. Ξ ∼ 0.15 − 0.20, these two EoSs predict
that an error of the order of ∼ 20 − 40% is made on the
rise time by using Newtonian gravity instead of general rel-
ativity, as can be seen in Fig. 8. It is therefore necessary to
account for general relativistic effects in order to get precise
results on the spin-up time scales. Furthermore, it should
be mentioned that these errors also depend significantly on
the rotation rate considered. For instance, the relative dif-
ference
(
τGRr − τnewtr
)
/τGRr obtained for a 1.4 M neutron
star varies from ∼ 30% at 10 Hz to ∼ −10% at 327 Hz, using
EoS I.
5.3 Astrophysical considerations
In Fig. 9, lines of constant spin-up time τr are displayed in
the MG - B¯ plane, using DDH and DDHδ EoSs. These results
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Figure 9. Lines of constant rise time τr in a B¯ - MG diagram,
assuming f = 11.19 Hz and ∆Ω/Ω = 10−6. Results obtained from
the DDH(δ) EoS are shown in solid (dashed) lines. The τr = 30
s line refers to the upper limit from Dodson et al. (2007).
are plotted for f = 11.19 Hz, which corresponds to the Vela
pulsar. Considering the current upper limit τr < 30 s (Dod-
son et al. 2007), the mutual friction parameter B¯ should be
higher than ∼ 10−5 to explain Vela glitches. Using Eq. (10)
with B¯ ≈ B, this limit implies that the averaged drag-to-lift
ratioR should verify 10−5 . R . 105, which is not very con-
straining regarding the diversity of dissipative mechanisms
that could give rise to mutual friction and the correspond-
ing microscopic uncertainties. Note that similar conclusions
were reached by Glampedakis et al. (2009) from the analysis
of post-glitch relaxation data. Nevertheless, as the depen-
dence of the spin-up time on MG is much less pronounced
than on B¯, future more stringent observational limits on τr
shall put interesting constraints on the process governing the
angular momentum transfer during the spin up.
Finally, since B¯ ≤ 1/2, the shortest possible rise time
(25) associated with Vela glitches, τr ' 0.6−0.8 ms for a 1.4
M star (see Fig. 10), is found to be comparable with the hy-
drodynamical time scale. Nevertheless, the actual value of τr
is presumably much longer in view of current estimates of the
mutual friction parameters. Therefore, the whole dynamical
evolution of star during the spin up can be accurately com-
puted by considering a sequence of stationary configurations
only.
6 GRAVITATIONAL WAVES
In this section, we study the amount of gravitational waves
emitted through the time evolution of the mass quadrupole
of the star, as a consequence of the changes in the fluid an-
gular velocities during the spin up. Because of the small de-
viation from spherical symmetry, the variations of the mass
quadrupole are expected to be very small. Thus, we focus
on the DDH EoS, with which the equilibrium configurations
obtained are sufficiently accurate to highlight these tiny vari-
ations (see Sourie et al. (2016)).
τ r
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Figure 10. Glitch rise time τr as a function of the drag-to-lift
ratio R, for a star spinning at 11.19 Hz with MG = 1.4 M.
The glitch amplitude considered here is ∆Ω/Ω = 10−6. Results
obtained from the DDH(δ) are shown in blue (red). The 30 s
upper limit is also displayed.
6.1 Mass quadrupole
To compute the coordinate-independent mass quadrupole
moment Q of the star, we follow the prescription given by
Eq. (11) of Pappas & Apostolatos (2012) - see also Friedman
& Stergioulas (2013). The sign of the mass quadrupole mo-
ment is chosen such that Q < 0 for an oblate spheroid. Using
the DDH EoS, |Q| decreases as time evolves, which means
that the shape of the star is getting less and less oblate.
For realistic glitch amplitudes, numerical results show
that the time evolution of the mass quadrupole can be very
well approximated by the formula
Q(t) = ∆Q (1− exp(−t/τr)) +Q0, (40)
where τr corresponds to the spin-up time scale discussed in
the previous sections. All other input parameters fixed, the
variation ∆Q of the quadrupole moment during the glitch
event is found to verify ∆Q ∝ Ω2 × ∆Ω/Ω. Whereas the
dynamical evolution of Q depends indeed on the mutual
friction parameter through τr, the variation ∆Q does not
depend on B¯ because this latter does not play any role in
determining the initial and final equilibrium configurations.
On the other hand, the assumption on chemical equilib-
rium (Sec. 2.4) affects ∆Q: assuming ∆Ω/Ω = 10−4 and
MG = 1.4 M, the relative differences on ∆Q between cases
(i) and (ii) are of the order of ∼ 1% for f = 65 Hz and
∼ 15% for f = 327 Hz.
6.2 Gravitational wave amplitudes
At leading order in a multipolar expansion, the gravitational
radiation field is given by the so-called quadrupole formula,
see e.g. Bonazzola & Gourgoulhon (1996); Le Tiec & Novak
(2016). Since the star remains axisymmetric during the spin
up, the × polarization of the wave strain vanishes. On the
other hand, the + polarization reads
h+(t) = −3
2
G
Dc4
sin2 i× Q¨ (t−D/c) , (41)
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where D is the distance to the pulsar and i denotes the angle
between the rotation axis of the star and the direction from
the star’s centre to the Earth. Using (40), the gravitational
wave amplitude (41) is given by
h+(t) = h0 sin
2 i× exp (−(t−D/c)/τr) , (42)
where the characteristic amplitude h0 is defined as
h0 =
3
2
G
Dc4
∆Q
τ2r
. (43)
In the frequency domain, the corresponding character-
istic strain hc(fGW) is given from the Fourier transform
h˜(fGW) of the signal h+(t) through the relation
hc(fGW) = 2fGW × |h˜(fGW)|, (44)
see, e.g., Moore et al. (2015). Using (42), the characteristic
strain reads
hc(fGW) =
h0 sin
2 i
pi
× fGW/f0√
1 + (fGW/f0)2
, (45)
where we have introduced the characteristic frequency
f0 =
1
2piτr
. (46)
Assuming MG = 1.4 M and beta equilibrium at the
center of the star, the gravitational wave characteristic am-
plitude (43) and frequency (46) obtained from the DDH EoS
can be well-fitted by the following expressions
h0 ' 1.0× 10−37
(
D
1 kpc
)−1( B¯
10−3
)2
×
(
Ω
102 rad.s−1
)4(
∆Ω/Ω
10−6
)
, (47)
and
f0 ' 0.535
(
B¯
10−3
)(
Ω
102 rad.s−1
)
Hz, (48)
provided that ∆Ω/Ω 1. For low rotation frequencies, typ-
ically f . 65 Hz, the two expressions (47) and (48) approx-
imate h0 and f0 with a precision better than a few percent
and ∼ 0.1% respectively. For a star spinning at 327 Hz,
the precision of these estimates is reduced to ∼ 10%. Note
that the prefactors involved in (47) and (48) are smaller for
higher gravitational masses, mainly because the rise times
are longer: for instance, we get 3.7 × 10−38 and 0.357 for
MG = 2 M.
It should be remarked here that the quadrupole formula
(41) is only valid in the slow-motion approximation, meaning
that the frequency fGW of the gravitational wave emitted
should satisfy the condition fGW × R  c, where R is the
characteristic size of the emitter. Taking R ' 104 m for the
radius of the star, this leads to fGW  3 kHz, which in view
of (48) is well verified for glitching pulsars. Furthermore,
we can easily check that the energy lost by gravitational
waves emission is completely negligible with respect to that
associated with mutual friction, such that Eq. (5) is valid.
Applying (47) and (48) to the Vela pulsar, for which
∆Ω/Ω = 10−6, f = 11.19 Hz and D ' 287 pc (Dodson
et al. 2003), the constraint on the mutual friction parameter
B¯ discussed in Sec. 5.3, i.e. 10−5 < B¯ < 0.5, leads to
h0 ∼ 10−41 − 10−32 and f0 ∼ 4 mHz - 200 Hz. (49)
Although the peak frequency f0 is thus predicted to lie in the
sensitivity bands of Advanced LIGO and Advanced Virgo
(Acernese et al. 2015; LIGO Scientific Collaboration et al.
2015; Abbott et al. 2016), the corresponding gravitational-
wave signal is too weak to be detectable with present detec-
tors. However, other mechanisms associated with glitches
such as Ekman pumping, which we have not taken into ac-
count in this work, might lead to a much stronger gravi-
tational wave signal (van Eysden & Melatos 2008; Bennett
et al. 2010).
7 CONCLUSION
In this paper, we have studied in detail the impact of general
relativity on the global dynamics of giant pulsar glitches as
observed in Vela. We have carried out numerical simulations
of the spin up triggered by the sudden unpinning of quan-
tized vortices. To this end, we have computed the exchange
of angular momentum between the neutron superfluid in the
core and the rest of the star within a two-fluid model in-
cluding neutron-proton entrainment effects. Both fluids were
assumed to be coupled by mutual friction arising from dis-
sipative forces acting on individual vortices. Since the hy-
drodynamical time scale is typically much smaller than the
glitch rise time, we have described the time evolution of the
two fluids by a sequence of quasi-stationary axisymmetric
rigidly rotating configurations following Sourie et al. (2016).
We have calculated the mutual friction torque considering
straight vortices arranged on a regular array, following Lan-
glois et al. (1998).
In order to get some physical insight, we first solved an-
alytically the dynamical equations by expressing the change
in the lag as δΩ˙/δΩ ≈ −1/τr, where the characteristic spin-
up time scale τr can be expressed in a form similar to that
obtained in the Newtonian limit (see, e.g., Carter (2001);
Sidery et al. (2010)). However, general relativity not only
changes the structure of the star, but also impacts the fluid
dynamics. In particular, frame-dragging effects induce addi-
tional fluid couplings of the same form as the entrainment
arising solely from neutron-proton interactions. For all these
reasons, general relativity can change substantially the glitch
rise time.
To test the validity of this analytical approach and to
assess the importance of general relativity, we have also
solved numerically the equations governing the transfer of
angular momenta. For this purpose, two different kinds of
inputs are needed: macroscopic quantities (the rotation fre-
quency of the star, the glitch amplitude and the neutron star
mass) and microscopic properties (the EoS and the stellar-
averaged mutual friction coupling B¯). We have explored in
detail various stellar configurations, using two different rela-
tivistic mean-field EoSs and considering the observed prop-
erties of glitching pulsars. The results obtained by numerical
simulations are found to be very well reproduced by the an-
alytical approximation. In particular, the glitch rise time τr
can thus be expressed in terms of the moments of inertia of
the fluids, the stellar rotation rate and B¯, which can be ob-
tained from stationary configurations. Furthermore, we have
studied the effects of general relativity on τr by using two
different polytropic EoSs of the kind previously introduced
by Prix et al. (2005). Both the effects of general relativity
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on the structure of the star and on the fluid couplings are
found to be important and therefore realistic simulations of
the global glitch dynamics should be carried out in full gen-
eral relativity. Depending on the stellar compactness and on
the rotation rate, the errors incurred by using Newtonian
gravity instead of general relativity are found to be very
sensitive to the adopted EoS, and amount to ∼ 20 − 40%.
These errors, however, might not be the dominant source of
uncertainties. In particular, neutron superfluid vortices may
not be arranged on a regular array parallel to the rotation
axis, as assumed here. The dynamics of superfluid vortices
and proton flux tubes remain highly uncertain, and warrant
further studies.
Considering the current upper limit τr < 30 s (Dodson
et al. 2007), we have found that the mutual friction parame-
ter B¯ should be higher than ∼ 10−5 to explain Vela glitches.
Since B¯ represents the average over the whole star, the
mutual friction coupling B might be locally much stronger
(B ∼ 10−4 − 10−3) as discussed for instance by Sedrakian
(2005) and Haskell et al. (2014). In any case, since the actual
value of τr is found to be much longer than the hydrodynam-
ical time scale for current estimates of the mutual friction
forces, the whole dynamical evolution of star during the spin
up can be accurately computed by considering a sequence of
stationary configurations only.
We have also determined the amount of gravitational
radiation emitted by the star during the spin up. For this
purpose, we have studied the time variation of the mass
quadrupole moment of the star resulting from changes in
the fluid angular velocities. Using the quadrupole formula,
we have numerically computed the characteristic amplitudes
and frequencies associated with glitch events. Although the
peak frequencies are found to lie in the sensitivity bands
of current interferometers like Advanced LIGO, the cor-
responding amplitudes are too small for the gravitational
waves to be detected. Their observations would require to
improve the sensitivity by orders of magnitude. In partic-
ular, the characteristic amplitude for Vela is estimated to
be at most ∼ 10−32 for the (unrealistic) value B¯ = 1/2. If
existing, the most promising sources would thus be pulsars
rotating much more rapidly than Vela and undergoing high
amplitude glitches.
Although glitches are unlikely to be detected through
gravitational waves, the Low Frequency Array (LOFAR) ra-
dio telescope (Stappers et al. 2011) and the future Square
Kilometer Array (SKA) (Watts et al. 2015) will be able to
observe the spin up with unprecedented accuracy. It would
thus lead to much more stringent constraints on the charac-
teristic time τr and thereby on the underlying glitch mech-
anism. This calls for more realistic models of glitching pul-
sars including the crust magnetoelasticity and superfluid-
ity (whose formalism has been already developed, see, e.g.
Carter et al. (2006b); Carter & Samuelsson (2006)), and ac-
counting for the local dynamics of quantized vortices.
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APPENDIX A: ANGULAR MOMENTUM
TRANSFERS IN TWO-FLUID NEWTONIAN
MODEL
In Newtonian gravity, the fluid angular momenta read{
Jn = In (1− ε˜n) Ωn + Inε˜nΩp,
Jp = Ip (1− ε˜p) Ωp + Ipε˜pΩn, (A1)
see Appendix A of Sourie et al. (2016). The moments of
inertia IX involved in (A1) are given by the classical formula
IX =
∫
Σt
ρXr
2 sin2 θ d3Σf, (A2)
where ρX is the mass density of fluid X and d
3Σf stands for
the volume element of flat spacetime, while r and θ refer to
the radial and polar coordinates respectively. The quantities
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ε˜X , which characterize entrainment, are defined as
ε˜X =
∫
Σt
εXρXr
2 sin2 θ d3Σf∫
Σt
ρXr
2 sin2 θ d3Σf
, (A3)
where the entrainment parameter εX is given by
εX =
2α
ρX
, (A4)
and α is defined as in Prix et al. (2005). The mean entrain-
ment parameters are related through the relation Inε˜n =
Ipε˜p. More details can be found in Appendix A of Sourie
et al. (2016).
A1 Mutual friction torque
In the Newtonian limit, the geometric term χ2⊥ (9) appearing
in Eq. (12) is simply given by
χ2⊥ = r
2 sin2 θ. (A5)
Moreover, in case of constant entrainment parameters
throughout the star, the non-relativistic neutron vorticity
$n (7) reads
$n = 2mn [Ωn + εn (Ωp − Ωn)] , (A6)
where mn is the neutron mass. Considering that in the
non-relativistic limit the volume element d3Σ is d3Σf =
r2 sin θ dr dθ dϕ and Γn = 1, the mutual friction torque (12)
thus reduces to
Γnewtmf = −B¯InωnδΩ, (A7)
where the superfluid vorticity per unit mass ωn reads
ωn =
$n
mn
= 2 [Ωn + εn (Ωp − Ωn)] . (A8)
The Newtonian limit (A7) corresponds to Eq. (58) of Sidery
et al. (2010). The quantity κ introduced in Eq. (18) is given
by
κ = Inωn. (A9)
To a very good approximation, the difference between Ωn
and Ωp can be neglected, so that ωn ≈ 2Ωn and therefore
κ ≈ 2InΩn. (A10)
A2 Glitch rise time
Using Eqs. (A1), the moments of inertia defined by (13) lead
in the Newtonian limit to
Inn = In (1− ε˜n) + Ωp ∂In
∂Ωn
,
Inp = Inε˜n + Ωp
∂In
∂Ωp
,
Ipn = Ipε˜p + Ωp
∂Ip
∂Ωn
,
Ipp = Ip (1− ε˜p) + Ωp ∂Ip
∂Ωp
,
(A11)
where the partial derivatives have been evaluated for van-
ishing lag. For slowly rotating stars, In and Ip are approx-
imately independent of the rotation rates and the Newto-
nian moments of inertia should thus verify Iˆn ' In, Iˆp ' Ip,
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Figure A1. Coupling coefficient εˆp and entrainment parameter
ε˜p as functions of the rotation frequency f = Ω/(2pi) for a 1.4 M
neutron star, assuming corotation and beta equilibrium. The two
EoSs considered are Newtonian versions of the EoSs used in Sec-
tion 5.2.2.
Iˆ ' In + Ip ≡ I and Inp ' Inε˜n = Ipε˜p. Consequently, com-
paring (23) and (A10) yields ζ = 1 in Newtonian gravity. As
a result, the glitch rise time (24) in the Newtonian limit is
given by
τr =
Ip
I
× (1− ε˜p − ε˜n)
2B¯Ωn , (A12)
which coincides with Eq. (69) from Sidery et al. (2010).
A3 Fluid couplings
Using Eqs. (A11), the Newtonian proton coupling coefficient
εˆp (27) is given by
εˆp =
Inp
Iˆp
=
ε˜p +
Ωp
Ip
∂Ip
∂Ωn
1 +
Ωp
Ip
(
∂Ip
∂Ωp
+
∂Ip
∂Ωn
) . (A13)
We have computed Newtonian equilibrium configura-
tions as discussed in Sec. 5.2.2. In Fig. A1, the coefficients
εˆp and ε˜p are plotted with respect to the rotation frequency
f , for a 1.4 M neutron star, assuming corotation and beta
equilibrium. As expected, at low angular velocities εˆp ' ε˜p
to a very good approximation since the moment of inertia
Ip is nearly constant.
For frequencies higher than ∼ 100 Hz, the effects of ro-
tation on the stellar structure become non-negligible, and
are twofold. First, the proton entrainment parameter ε˜p is
slightly decreased because the central density is lowered.
More importantly, the moments of inertia change thus lead-
ing to large deviations between εˆp and ε˜p.
APPENDIX B: CONSTRAINTS ON THE
PARTIAL MOMENTS OF INERTIA
From the application of the action principle to the asymp-
totically flat stationary states of an axisymmetric star com-
posed of two fluids in circular motion with rigid angular
MNRAS 000, 1–18 (2016)
18 A. Sourie et al.
velocities, the change in the energy of the star, between two
nearby states, is given by
δE =
∑
X
ΩXδJX , (B1)
for a fixed total baryon mass, see Eq. (3.5) from Carter
(1975). Using the definitions (13) of the moments of iner-
tia, the variation in the angular momenta simply reads
δJX =
∑
Y
IXY δΩY . (B2)
Recalling that IXY = IYX , Eq. (B1) is thus given by
δE =
∑
X,Y
IXY ΩXδΩY (B3)
=
1
2
(
Innδ
(
Ω2n
)
+ 2Inpδ (ΩnΩp) + Ippδ
(
Ω2p
))
. (B4)
Considering very small rotation rates, the energy E of a
rotating state is therefore given by
E = E0 +
1
2
(
InnΩ
2
n + 2InpΩnΩp + IppΩ
2
p
)
, (B5)
where E0 stands for the energy of the static configuration.
Rewriting this equation as follows
E − E0 = 1
2
Inn
(
Ωn +
Inp
Inn
Ωp
)2
+
1
2
(
Ipp − I
2
np
Inn
)
Ω2p, (B6)
the stability of the static state implies that the right-hand
side should be strictly positive, leading to
Inn > 0 and InnIpp − I 2np > 0, (B7)
which in turn gives Ipp > 0.
APPENDIX C: RELATIVISTIC COUPLING
PARAMETERS
Correcting a typo in Eq. (A1) of Sourie et al. (2016), the
angular momentum of a fluid, say X, reads
JX =
∫
Σt
[
Γ2XnXµ
XUX + 2α
Γ2X
Γ2∆
(
ΓY
Γ∆ΓX
UY − UX
)]
× Br sin θ d3Σ. (C1)
In this expression, nX and µ
X are respectively the particle
density and the chemical potential of the fluid, as measured
in its rest frame. The norms UX and UY of the physical
velocities of the fluids with respect to the ZAMO are given
by
UX =
B
N
(ΩX − ω) r sin θ, (C2)
where B, N and ω are different potentials involved in the
spacetime metric, see Sourie et al. (2016). The volume ele-
ment is given by d3Σ = A2Br2 sin θ dr dθ dϕ. ΓX , ΓY and
Γ∆ are Lorentz factors associated with UX , UY and ∆, the
relative speed between the fluids. The quantity α, which
characterizes the presence of entrainment, is linked to the
more common entrainment parameter εX through
εX =
2α
nXµXΓ2∆
, (C3)
see section III-B of Sourie et al. (2016).
In the slow-rotation approximation (Ωn,Ωp  ΩK) and
to first order in the lag δΩ = Ωn − Ωp, Eq. (C1) becomes
JX ≈
∫
Σt
nXµ
X B
2
N
r2 sin2 θ (ΩX − ω) d3Σ
+
∫
Σt
nXµ
X B
2
N
r2 sin2 θ εX (ΩY − ΩX) d3Σ,
(C4)
where the couplings by entrainment and Lense-Thirring ef-
fects are clearly visible, respectively through the terms εX
and ω. We now introduce the following quantities
I˜X =
∫
Σt
nXµ
X B
2
N
r2 sin2 θ d3Σ, (C5)
ε˜X I˜X =
∫
Σt
nXµ
X B
2
N
r2 sin2 θ εX d
3Σ, (C6)
and
ω˜X I˜X =
∫
Σt
nXµ
X B
2
N
r2 sin2 θ ω d3Σ, (C7)
such that Eq. (C4) now reads
JX = I˜X (ΩX − ω˜X) + ε˜X I˜X (ΩY − ΩX) . (C8)
In the Newtonian limit, I˜X and ε˜X are respectively given by
Eqs. (A2) and (A3) and ω˜X simply vanishes, so that (C8)
tends towards (A1). We numerically find that ω˜X can be
approximated by a relation of the form
ω˜X = ε
LT
XX ΩX + ε
LT
YX ΩY , (C9)
with a precision better than 0.1 % for a star spinning at
65 Hz or less. In this equation, εLTYX represents the frame-
dragging contribution of fluid Y on fluid X and εLTXX de-
notes the self-frame-dragging effect of fluid X. By making
use of the different coupling parameters introduced so far,
the angular momentum of fluid X is given by
JX = I˜X
(
1− εLTXX − ε˜X
)
ΩX + I˜X
(
ε˜X − εLTYX
)
ΩY . (C10)
To this level of approximation, the coupling parameter εˆX
(27) reads
εˆX =
ε˜X − εLTYX
1− εLTYX − εLTXX
. (C11)
APPENDIX D: REALISTIC PROTON
FRACTIONS
The proton fractions are plotted in left panel of Fig. C1
as functions of the total baryon density, for the DDH and
DDHδ EoSs. For both EoSs, xp is strongly increasing with
the density, until nB & 1.1 fm−3. The proton fraction pro-
files are very different between both EoSs because of the
values considered for the symmetry energy and its slope at
saturation density (see Table I of Sourie et al. (2016)). Con-
sequently, as the mass of the stars increases, higher values
of the proton fraction are reached and the quantity Iˆp/Iˆ in-
creases, as can be seen in the right panel of Fig. C1. This
ratio is higher for the DDH EoS because, for densities found
in neutron stars, the DDH proton fraction is more impor-
tant than the DDHδ one and the central baryon densities
are systematically higher in the case of DDH.
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Figure C1. Left: Proton fraction xp as a function of the total baryon density nB = nn +np, assuming corotation and beta equilibrium.
Right: Ratio of the proton moment of inertia Iˆp to the total one Iˆ with respect to the gravitational mass for a star spinning at 11.19 Hz,
assuming beta equilibrium at the center. In both figures, results obtained from the DDH(δ) EoS are plotted with red solid (green dashed)
lines.
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